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EXPERIMENTAL CHARACTERIZATION OF RUBBER POLYMER 
SUMMARY 
Polymers and elastomers, besides classical construction materials, find nowadays a 
wide use in the field of the design of mechanical components and systems and in 
many industrial applications. Reasons are their economy and their peculiar 
characteristics that fit with specific applications where traditional materials fail. 
Elastomers show complex mechanical and rheological behaviors. They reach very 
large deformations before breaking, with small residual strains after download; 
furthermore the relationship between stress and strain is strongly non-linear. The 
typical characteristic of elastomers is the viscous behavior. Visco-elastic models 
refer to quasi-static loading of the material, it is experimentally clear that rubber like 
materials are time dependent, showing creep and relaxation phenomena, and also a 
complex elastic modulus, function of the frequency of the solicitation. 
Several models for visco-elasticity have been developed and proposed in the 
literature, both for small (linear) and large (non-linear) deformations. This some 
mechanical behaviors above mentioned are object of this dissertation, where a 
comparison of principal numerical models available in literature is given. Moreover, 
models have been modified or generalized to fit properly to the material behavior. 
The experimental activity represents a further fundamental issue of the work: in 
order to perform different mechanical tests of uniaxial stretching and planar tension, 
dedicated techniques and test rigs have been developed. Experimental data are input 
in the numerical procedures for the estimation of the material dependent parameters 
of the studied models.  
In this study, a particular remark is given to the multiaxial approach: experimental 
data used to calibrate the models are referred to different tests (uniaxial, planar) and 
are involved together in the inverse procedures. This approach allows to obtain fitted 
models that are stable and transferable to other generic states of deformation. 
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KAUÇUK POLİMERİNİN DENEYSEL KARAKTERİZASYONU 
ÖZET 
Polimerler ve elastomerler bilinen yapı malzemeleri olmalarının yanında, günümüzde 
birçok endüstriyel uygulamada mekanik komponentler ve sistemler tasarımında geniş 
bir kullanım alanına sahiptirler. Bu kadar geniş alanda kullanılmalarının sebebi ise 
ekonomik olmaları ve diğer geleneksel malzemelerin hata verdiği spesifik, özel 
uygulamalarda yapılarına özgü karakteristikleri nedeni ile uyum içinde 
çalışabilmeleridir. Elastomerler karmaşık mekanik ve reolojik davranışlar gösterirler. 
Yük altında artan küçük gerilme veya zorlanma değerleri ile beraber kırılmadan önce 
çok büyük deformasyonlara ulaşabilirler. Ayrica, gerilme ve zorlanma değerleri 
arasında kuvvetli doğrusal olmayan  bir ilişki vardır. Viskoz davranış ise 
elastomerlerin tipik bir karakteristiğidir. Visko elastik modeller malzemenin quasi-
statik (yarı durağan) olarak yapiya uygulanırlar. Kauçuk türü malzemelerin sürünme 
(creep) ve gevşeme (relaxation) davranışlarını zamana bağlı olarak göstermesi de 
deneysel olarak kanıtlanmıştır ve aynı zamanda kompleks elastikiyet modülü de 
istenen frekansın fonksiyonudur. 
Literatürde, küçük (linear) ve büyük (non-linear) deformasyonlarda visko-elastisite 
için çeşitli modeller gelistirilmiş ve önerilmiştir. Belirtilen bu bazı mekanik 
davranışlar, literatürdeki temel sayısal modellerin karşılaştırılmalarının bulundugu 
yapılan araştırmanın ve tez’in ana fikri ve nesnesidir. Bunun yanında belirtilen 
modeller malzeme davranışına uygun olması için değiştirilmiş ve genelleştirilmiştir. 
Yapılan deneysel çalışma ise tez’in daha temel sorunlarını temsil etmiştir. Bu yüzden 
tek eksenli gerilme ve düzlemsel gerilmelerin farklı mekanik testlerini 
gerçekleştirmek için belirli teknikler ve test ekipmanları geliştirilmiştir. Bu 
geliştirilen test ekipmanları ile elde edilen deneysel veriler, literatürdeki modellerin 
parametrelerine uygulanır ve karşılaştırmalar gerçekleştirilir. 
Bu çalışmada, bir sonraki düzeyi olan çok eksenli ortamda yapılacak olan testlere 
belirli bir fikir verebilir. Bu deneysel veriler çok eksenli gerilme gibi farklı testlerde 
modellerin uyarlanması sonrasında kullanılabilirler. Sonuçta bu yaklaşım 
deformasyonun olduğu diğer temel durumlarda güvenli ve genelleştirilebilen uygun 
modellerin elde edilmesine olanak sağlamaktadır.  
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1.  INTRODUCTION 
1.1 Background 
Engineering materials can be divided in several families, including metals, 
composites, polymers, ceramics, etc. Elastomers, further divided in natural and 
synthetic rubberss, can be considered as a specific class of polymers. The natural 
rubber was originally derived from the latex found in the sap of some plants. 
Basically it is a polymer chain of isoprene (polyisoprene), and nowadays it is 
produced also synthetically. Synthetic rubbers serve as substitute of natural rubbers 
in many cases, especially when improved material properties are needed. They are 
realized by synthetic polymerization processes in order to create chains from specific 
monomers. Most known and used synthetic rubbers are copolymers of styrene and 
butadiene (SBR) and copolymers of acrylonitrile butadiene (NBR). Additives are 
usually inserted in rubbers as reinforcements. Typical additives are carbon black, 
used also as pigment and sulfur, inserted during the vulcanization process. 
Mechanical characteristics of rubber-like materials are determined by their particular 
molecular structure, that is an interlacement of polymer chains randomly oriented. 
When stress is applied, these chains unwind and stretch, sliding each against the 
other. This physical property is responsible of the great deformations reached by 
elastomers. Further on, the sliding phenomenon determines a sort of internal friction 
that gives a viscous behavior, dependent on the strain rate. If the applied deformation 
is not too large, the stretching of the chains is fully recovered and no permanent 
effects are visible. On the contrary, it is experimentally evident that for large strains 
the material often exhibits a permanent set, partially recoverable in a long time. 
Other inelastic effects are evident, like damage (Mullins effect) and consequently 
healing if cyclic loading are applied. 
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All this aspects have been extensively studied during the 20
th
 century by scientists. 
From the first works of Mooney, Rivlin and Treolar in the 40’s, a large number of 
models, called hyperelastic, have been conceived to predict the non-linear elastic 
behaviour with large deformations. Among them, the Ogden model, introduced in the 
70’s, experienced a large diffusion. At the same time also inelastic effects have been 
analyzed; a particular damage effect was firstly observed by Mullins and Tobin in the 
50’s and interesting analytical formulation have been proposed in recent years by 
Ogden, Dorfmann and De Tommasi. The study of the visco-elastic behavior led to 
the development of many theories for non-linear visco-elasticity and linear visco-
elasticity. In the last years a great interest is addressed to the fractional derivative 
formulation for linear visco-elasticity. 
Nowadays, the big improvement in the experimental techniques for strain analysis 
opens again great issues in the field of the mechanical characterization of materials. 
In this context it is inserted the present dissertation, where experimental novel 
methods are proposed in order to characterize visco-elasticity of elastomers. 
1.2 Purpose of the Thesis 
The main objective of the present research is to develop proper test methods and 
effective numerical procedures to characterize the various aspects of the mechanical 
behaviour of elastomers. 
Visco-elastic properties of rubberlike materials are of fundamental importance to 
understand their mechanical behavior, especially dealing with dynamic and vibration 
problems. In this research the results of a series of tests performed on rubber 
specimens subjected to uniaxial cyclic loading at different frequencies. Data from the 
tests are used to estimate the storage modulus and the loss modulus, thus to define 
the complex modulus of the material within the experimented range of frequencies. 
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A first basic issue is on the multi-axial approach given to the experimental analysis. 
In fact, almost all the works available in literature dealing with material 
characterization are based on uniaxial tests. While this approach is acceptable for 
elastic materials or other behaviors described using an easy analytical formulation, 
relevant problems may arise analyzing hyperelastic materials. Multiaxial states of 
deformation must be analyzed to avoid problems of stability of the models and to 
ensure a good transferability of the fitted models to a general tensional state. For 
these reasons uniaxial, planar an equibiaxial tests have been conceived and globally 
used in inverse procedures. 
Novel experimental issues, also the numerical procedures for inverse problems 
should adopt to a new philosophy; usually only global data like load and total 
displacement are used as comparison between experimental and numerical data; on 
the contrary, inthe characterization problems stated in this thesis, a fundamental aim 
was to find as much benefits as possible from the large amount of data referred to 
local strains. This approach brings to a sharp exploitation of the new full-field optical 
techniques. 
1.3 Literature Review 
Rubber-like materials have nowadays wide engineering applications like shock 
absorbers, anti-vibration bearings and others, and specific materials, like high 
damping rubber (HDR), have been conceived to play this role in the best way. In 
general their mechanical behavior is a non-linear rate-dependent response; Some 
authors focused on the calibration of a linear visco-elastic constitutive model, 
whithout taking into account the non-linearity of the material at high strains. In fact a 
series of tests have been carried out applying small strains (≤10%) at a range of 
variable frequencies, and it is an acceptable approximation to consider the material as 
linear in this range of amplitude of deformation. 
It is proved that two different decompositions of strain may be assigned to every 
linear viscoelastic solid. In particular, this is true for the so-called three-parameter 
solids. For this case, the two decompositions of deformation are in a natural way 
associated with the two well known spring-dashpot models, the first one being a 
spring in parallel with a Maxwell element and the second model consisting of a 
spring in series with a Kelvin element. 
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In addition, a number of viscoelastic formulations have been proposed in recent years 
in order to extend the well known linear rheological models to the large strain 
regime. Some researchers have [1,2] proposed an extension of the pioneering work 
of  based on the multiplicative decomposition of the deformation gradient into elastic 
and permanent viscous components. The resulting model is only limited by the 
choice of linear rate equations to describe the relaxation of the viscous strains. 
Unfortunately, in the finite strain range, the plastic strains are nonlinearly constrained 
and therefore their evolution cannot be governed by a linear rate equations. And 
another visco elastic approach have proposed [3-7] alternative models in which the 
evolution of the viscous nonequilibrium stresses is defined directly by a linear 
differential equation that mimics the force relaxation process taking place in linear 
rheological models. These models have been extensively and successfully used in 
practice. However, in the common case of materials with a purely elastic volumetric 
response, the nonequilibrium stresses are deviatoric in nature and therefore in the 
material setting satisfy nonlinear constraints. Devising linear evolution equations that 
are compatible with such constraints is still an open question. All the above 
formulation have in common the separation of volumetric and isochoric components 
of the deformation using a multiplicative procedure discussed by [8-10] some 
researchers. This enables the volumetric response to be purely elastic as is the case of 
many materials of practical interest. 
 
 
5 
2.  RUBBER IN ENGINEERING 
2.1 Elastomers 
Elastomers are amorphous polymers to which various ingredients are added, creating 
what the rubber chemist refers to as a compound. After heating and reaction 
(vulcanization), these materials become “rubber.” Not only are they elastic and 
rubbery, but they also dissipate energy because of their viscoelastic nature. Their 
strength is high, especially under conditions of shear and compression. As with any 
mechanically loaded component, failure can occur as a result of fatigue. Thus, the 
long-term durability of rubber has to be predictable. Simple design criteria should be 
made available. Computer aided design and analysis is desirable. Specifications are 
required to control product quality. Physical constants, as with any engineering 
material, should be readily available. 
Elastomers are essentially supercondensed gases because most precursor monomers 
are gases. Their density is greater by approximately 3 orders of magnitude and 
viscosity by 14 orders, than the gaseous state. Through polymerization, a long-chain 
molecule is created. The molecules can be arranged in an amorphous (rubbery), 
glassy, or crystalline phase. Elastomers are typically categorized as amorphous 
(single-phase) polymers having a random-coil molecular arrangement. After it is 
properly compounded and molded into an engineered product, the material at some 
point is subject to an external force. When a solid body is deformed, an internal 
reactive force called stress, acting across a unit area, tends to resist this deformation. 
The measure of deformation is called strain. 
Rubber is unique in being soft, highly extensible, and highly elastic. Considering 
rubber as an engineering material, we can employ the term, shear modulus G=NkT, 
where N is the number of network chains, k is Boltzmann’s constant, and T is the 
temperature in Kelvins. With reasonable accuracy, we can state that many rubbery 
materials have a similar modulus G, or hardness, at equivalent temperatures above 
their glass transition temperature. 
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It is not inappropriate to look on rubber as a thermodynamic “system.” In a static 
sense, it is an engineering material with a broad response to external influences, such 
as temperature and presure. Of course, in reality, there is no such condition as a static 
application of rubber. 
Rubbers can be divied broadly into two types: thermosets and thermoplastics. 
Thermosets are three-dimensional molecular networks, with the long molecules held 
together by chemical bonds. They absorb solvent and swell, but do not dissolve; 
furthermore, they cannot be reprocessed simply by heating. The molecules of 
thermoplastic rubbers, on the other hand, are not connected by primary chemical 
bonds. Instead, they are joined by the physical aggregation of parts of the molecules 
into hard domains. Hence, thermoplastic rubbers dissolve in suitable solvents and 
soften on heating, so that they can be processed repeatedly. In many cases 
thermoplastic and thermoset rubbers may be used interchangeably. However, in 
demanding uses, such as in tires, engine mounts, and springs, thermoset elastomers 
are used exclusively because of their better elasticity, resistance to set, and durability. 
2.2 Elastomer Types 
2.2.1 General purpose 
General purpose elastomers are hydrocarbon polymers. They include styrene-
butadiene rubber (SBR), butadiene rubber (BR), and polyisoprene rubber, both 
naturel (NR) and synthetic (IR). These “diene” rubbers contain substantial chemical 
unsaturation in their backbones, causing them to be rahter susceptible to attack by 
oxygen, and especially by ozone. Additionally, they are readily swollen by 
hydrocarbon fluids. The primary application of these elastomers is in automobile and 
truck tires. 
 
7 
2.2.2 Styrene butadiene rubber (SBR)  
SBR denotes a copolymer of styrene and butadiene, typically containing about 23% 
styrene, with a Tg of approximately -55
o
C. It is the most widely used synthetic 
elastomer, with the largest volume production. It is synthesized via free-radical 
polymerization as an emulsion in water, or anionically in solution. In emulsion 
polymerization, the emulsifier is usually a fatty acid or a rosin acid. The former gives 
a faster curing rubber with less tack and less staining. The molecular weight is 
controlled (to prevent gelation) by mercaptan chain transfer agents. When 
polymerization is complete, coagulation of the emulsion is carried out with salt, 
dilute sulfiric acid, or an alum solution. Alum coagulation results in a rubber with the 
highest electrical resistivity. 
When emulsion polymerization is carried out at an elevated temperature (~50
o
C), the 
rate of radical generation and chain transfer is high, and the polymer formed is highly 
branched. To overcome this, polymerization is carried out at low temperature (~5
o
C), 
producing “cold” emulsion SBR, with less branching, and giving stronger 
vulcanizates. 
A common initiator for anionic polymerization is butyl lithium. The vinly butadiene 
content, and hence Tg of SBR’s polymerized in solution are increased by increasing 
solvent polarity. In comparison with emulsion polymers, the molecular weight 
distribution of anionically prepared SBR is narrow, and because the chain ends are 
“living,” i.e., they remain reactive after polymerization, the molecules can be 
functionalized or coupled. For example, SBR macromolecules can be amine-
terminated to provide increased interaction with carbon black, coupled with SnCl4 to 
give star-shaped macromolecules that break upon mastication in the presence of 
stearic acid to yield a material with lower viscosity. Solution SBR is also purer than 
emulsion SBR, because of the absence of emulsion residues. But, when compared at 
similar number average molecular weights, emulsion SBR’s are more extensible in 
the uncured (so-called “green”) state than anionic SBR’s. 
2.2.3 Polyisoprene (NR, IR)  
Natural rubber (NR) is produced from the latex of the Hevea brasiliensis tree. Before 
coagulation, the latex is stabilized with preservatives (e.g., ammonia, formaldehyde, 
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sodium sulfite) and hydroxylamine may be added to produce technically specified, 
constant-viscous grades of NR. The Tg of NR is about -70
o
C and its structure is 
thought to be completely cis-1,4-polyisoprene, except for the chain ends. NR 
contains small amounts of fatty acids and proteinaceous residues that promote sulfur 
vulcanization. Because NR macromolecules are configured identically 
(stereoregular), they spontaneously pack together as crystallites on standing at low 
temperature, with a maximum rate at temperatures around -25
o
C. NR also 
crystallizes upon straining. In fact, strain-inducted crystallization imparts outstanding 
green strength and tack, and gives vulcanizates with high resistance to cut growth at 
severe deformations. 
NR macromolecules are susceptible to fracture on shearing. High shearing stresses 
and oxygen promote the rate of molecular chain scission. 
Several modified natural rubbers are available commercially. Some examples are: 
a) Deproteinized, to reduce water adsorption, e.g., in electrical applications 
where maximum resistivity is required. 
b) Skim rubber, a high-protein, fast curing product used in cellular foams and 
pressure sensitive adhesives. 
c) Superior processing, in which ordinary and vulcanized latices are blended in 
about an 80:20 ratio before coagulation. Unfilled or lightly filled compounds 
made with superior processing NR give smoother and less swollen extrudates 
compared to those prepared from regular NR. 
d) Isomerized, prepared by milling NR with butadiene sulfone, resulting in 
cis/trans isomerization which inhibits crystallization. 
e) Epoxidized, an oil resistant rubber, which retains the ability to strain 
crystallize. 
Synthetic polyisoprene (IR) is produced both anionically and by Ziegler-Natta 
polymerization. The former materialhas up to 95% cis-1,4 microstructure, while the 
latter may be as much as 98% stereoregular. Even though the difference in 
stereoregularity is small, Ziegler-Natta IR is substantially more crystallizable. 
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However, both types of IR have less green strength and tack than NR. IR compounds 
have lower modulus and higher breaking elongation than similary formulated NR 
compositions. This is due, at least in part, to less strain-induced crystallization with 
IR, especially at high rates of deformation. 
2.2.4 Polybutadiene (BR)  
Like isoprene, BR can be synthesized anionically or via Ziegler-Natta catalysis. Cold 
emulsion BR is also available. Anionic BR, prepared in hydrocarbon solvent, 
contains about 90% 1,4 structure and 10% 1,2 (i.e.,vinyl). The vinyl content can be 
increased by adding an amine or ether as co-solvent during polymerization. The 1,4 
structure is an approximately equal mix of cis and trans. Because it consists of mixed 
isomers, anionically prepared BR does not crystallize. Emulsion BR has a mostly 
trans microstructure and also does not crystallize. On the other hand, the Ziegler-
Natta product has a very high cis content and can crystallize. The Tg of low-vinyl 
BR’s is about -100oC, among the lowest of all rubbers, while that of high-vinyl BR’s 
can reach 0
o
C. Low-vinyl BR’s are highly resilient and are often blended with SBR, 
NR and IR to make tire treads with good abrasion resistance. Unlike NR, BR is 
resistant to chain scission during mastication. 
2.2.5 Acrylonitrile butadiene rubber (NBR)  
NBR, also termed nitrile rubber, is an emulsion copolymer of acrylonitrile and 
butadiene. Acrylonitrile content varies from 18 to 50%. Unlike CR, polarity in NBR 
is introduced by copolymerization with the polar monomer, acrylonitrile, which 
imparts excellent fuel and oil resistence. With increased acrylonitrile content, there is 
an increase in Tg, reduction in resilience, lower die swell, decreased gas 
permeability, increased heat resistance, and increased strength. Because of 
unsaturation in the butadiene portion, NBR is still rather susceptible to attack by 
oxygen and ozone. Aging behavior can be improved by blending with small amounts 
of polyvinyl chloride. Nitrile rubber is widely used for seals and fuel and oil hoses. 
2.2.6 Polychloroprene (CR)  
Polychloroprene is an emulsion polymer of 2-chlorobutadiene and has a Tg of about, 
-50
o
C. The electron-withdrawing chlorine atom deactivates the double bond towards 
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attack by oxygen and ozone and imparts polarity to the rubber, making it resistant to 
swelling by hydrocarbons. Compared to BR,NR,IR and SBR elastomers, CR has 
superior weatherability, heat resistance, flame resistance, and adhesion to polar 
substrates, such as metals. In addition, CR has lower permeability to air and water 
vapor. 
The microstructure of CR is mostly trans-1,4 and homopolymer grades crystallize 
upon standing or straining, even though they are not as stereoregular as NR. 
Apparently, C-Cl diploes enhance interchain interaction and promote crystallization. 
Copolymer grades of CR crystallize less or not at all. Applications include wire, 
cable, hose, and some mechanical goods. 
2.2.7 Hydrogenated nitrile rubber (HNBR)  
Nitrile rubber can be hydrogenated to eliminate most of the unsaturation and hence 
greatly improve aging and heat resistance. Fuel resistance is maintained. HNBR is 
used especially in oil field applications, where resistance to hydrocarbons at elevated 
temperatures is required. 
2.2.8 Butyl rubber (IIR)  
Butyl rubber is a copolymer of isobutylene with a small percentage of isoprene to 
provide sites for curing. IIR has unusually low resilience for an elastomer with such a 
low Tg (about -70
o
C). Because IIR is largely saturated, it has excellent aging 
stability. Another outstanding feature of butyl rubber is its low permeability to gases. 
Thus, it is widely used in inner tubes and tire innerliners. Brominated (BIIR) and 
chlorinated (CIIR) modifications of IIR are also available. They have enhanced cure 
compatibility with general purpose diene elastomers. 
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3.  EXPERIMENTAL TESTS AND RIGS 
3.1 Mechanical Tests On Elastomers 
The first step in a material characterization activity is testing. This is a crucial phase 
because tests methodologies must be accurate and able to investigate the physical 
phenomenon that we want to describe. For the elastic behavior of materials like 
metal alloys, the typical tests are usually very easy; for instance a simple uniaxial 
tension test is enough to determine the yield strength, while a resonance test could 
give a proper value of Young modulus. Usually dynamic and viscous effects can be 
neglected in normal applications, and, if the materail is isotropic, there is no need to 
perform multiaxial tests. 
Analyzing elastomeric materials more problems arise. At first, it becomes very 
important to perform multiaxial tests; in fact many hyperelastic models, that are the 
most accurate constitutive laws for rubbers, are based on the definition of a strain 
energy function that depends on deformation invariants. So, it is fundamental to 
investigate various states of deformation to obtain a fitted model that is general and 
transferable to other kinds of sullecitations. Also time-dependent and viscous effects 
result relevant, and cyclic, relaxation and creep tests should be performed to 
investigate dynamic properties of the material. 
Another critical point on rubber testing, where the material can reach large 
displacements, is the measurament of strain. In this sense a very useful contribution 
is given by the full-field optical methods for strain measurement (grid methods, DIC, 
etc...), that are particularly sensitive in the case of large displacements. The 
mechanical tests frequently performed on rubbers in two types: compression and 
tension; while the compression state is always uniaxial, tension can be applied in a 
uniaxial, planar or equibiaxial state [11-14]. An overview of the most common tests 
are given in figure 3.1. 
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Figure 3.1 : Mechanical tests on rubber. 
Standard test methods, for example ISO 37:2005, give requirements for uniaxial 
compression and tension tests on rubber. Unfortunately, uniaxial data do not fulfill 
the need for accurate material characterization, especially for those applications with 
biaxial loading, such as hoses and membranes. 
In this study the need for a multiaxial characterization of the material led to the 
development of three test rigs, respectively for uniaxial, planar, equibiaxial tension 
and bulge test. The experimental equipments and methodologies and the shape of the 
specimens of these tests are described in next sections. 
3.2 Uniaxial Test 
The uniaxial tension test, using a standard tensile machine, is the simplest one to 
perform. Both compression and tension configurations can be applied; in the first 
case the specimen is usually a cylinder with an appropriate ratio height/diameter in 
order to avoid problems of buckling, while for tension a dumbbell flat specimen is 
used. 
In this research activity, standard uniaxial stretching tests in quasi-static conditions 
were performed on dumbbell specimens with a thickness of 1.7 mm. The “useful” 
part of the specimen, that is the part with maximum and uniform deformation, is 
delimited by two white markers. This zone has a length of 40 mm and a width of 9 
mm (Figure 3.2.a). The test rig consists of an electromechanical testing machine, 
model Zwick Z050 (Figure 3.2.b). Load is measured by a 5 kN load cell, the 
displacement, which is proportional to the engineering strain, is measured by the 
crosshead LVDT, 
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while the true strain through the gauge part of the specimen is measured by a high 
resolution video extensometer by comparing distances between markers along time. 
a)                                                                  b) 
 
Figure 3.2 : a) Dumbbell specimen; b) Electromechanical uniaxial tensile machine. 
Also the compression configuration has been adopted for dynamic tests at different 
frequencies. In this case specimens are cylinders with a diameter of 20 mm and a 
height of 40 mm (Figure 3.3.a). 
a)                                                                         b) 
 
Figure 3.3 : a) Cylindrical specimen for compression test; b) servo-pneumatic 
uniaxial tensile machine (SiPlan). 
 
14 
A lubrication has been applied in order to reproduce as much properly as possible the 
frictionless contact condition in the interfaces between specimen and plates of the 
machine. With the assumption that the barreling effect of the specimen is negligible 
because of the lubrication, it is possible to consider the strain/stress distribution 
uniform and uniaxial. A SiPlan servo-pneumatic tensile machine has been used 
(figure 3.3.b); this machine is able to apply a load up to 2 kN at tunable frequencies 
(maximu value of frequencies depends on the entity of the load and is in the order of 
100 Hz). Displacement and load, measured by a sensor of the actuator and by a 3 kN 
load cell respectively, are input in the PID controller that corrects deviations from 
imposed test parameters. Furthermore, knowing the load, the actuator excursion and 
the undeformed dimensions of the specimen, it is possible to calculate true stress and 
true strain. 
3.3 Planar Test 
In order to obtain a stress distribution as much heterogeneous as possible without 
using complex testing apparata like multiaxial machines, but only by means of a 
standard uniaxial tensile machine, a planar test has been concieved [15]. In this case, 
being the deformation field heterogeneous, an optical device has been used to apply 
the Digital Image Correlation technique for full-field strain measurement. The test 
rig for planar tension is shown in figure 3.4. 
 
Figure 3.4 : Test rig for planar tension test. 
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A flat specimen of rubber is glued to “L” shape brackets, leaving accessible to the 
view of the camera a region where the speckle pattern is applied. This region, where 
the strain will be measured, is the only one that will be subjected to deformation. The 
use of the brackets is to avoid the sliding of the specimen between the clamps, and 
also to constrain the upper and lower side of the region of interest in the direction 
transversal to the load. 
During the test, load and displacement are measured respectively by a 3 kN load cell 
and by the cross head of the tensile machine. A CMOS camera (Pixelink B471F) 
with a resolution of 1280x1024 is used to grab frames required for strain field 
measurement by the DIC technique. 
3.4 Equibiaxial Test 
Several techniques are available in literature to perform biaxial tests on rubbers. 
a)                                                           b) 
 
Figure 3.5 : a) Radial tension test rig; b) puncture test. 
Solutions a) and b) of figure 3.5 regard two different biaxial machines, hydraulic and 
electric [12]; in both cases the rig is complex and expensive, but robust and flexible 
(the ratio between the loads applied in the two directions is tunable) and tests can be 
performed in load or displacement control. In the case of radial tension, the load of a 
mass is transferred by a system of pulleys and wires in a very simple way, but only 
static tests can be performed. The puncture test realizes an equibiaxial strain 
distribution, but the specimen is subjected to high local concentrations [14]. 
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Another method to perform equibiaxial tests without using complex machines is the 
“bulge” or “balloon” test. In this case the axis-symmetry of the deformation is 
guaranteed by the shape of the rig components, and no sophisticated control systems 
are needed. 
3.5 Bulge Test 
The methodology adopted to realize an equibiaxial stretching test, generally called 
“bulge” or “balloon” test, easily consists of blocking between two clamping flanges a 
thin rubber disc, and inflating with air or liquid from one side of the specimen until it 
assumes a “balloon like” shape and after a large deformation it bursts (figure 3.6). 
 
Figure 3.6 : Bulge test scheme. 
Historically it has been the first method adopted by Treolar and Rivlin to characterize 
rubber materials and to find their analytical model constants. The axis-symmetry of 
the experimental configuration determines the equalbiaxiality of the stress and strain 
to be obtained on the top of the “balloon” in natural way, without any expensive or 
complicated load control system. 
In fact, the equipment for the bulge test is quite easy and is made essentially by these 
parts: a blind flange (the lower one) with a small central hole to introduce the 
pressure fluid; a flange (the upper one) with an internal diameter large enough to let 
the specimen expand avoiding any border effect; an air or liquid pump, a simple 
pipeline between the pump and the lower flange; a pressure transducer; a system for 
strain and radius measurement. In this application, the shape and strain field are 
detected by an optical method that is based on the deformation of a grid of circular 
markers previously painted on the specimen surface. 
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Figure 3.7 : Deformation and stress on the pole. 
The basic principles for the analytical computation are as follows: knowing the initial 
and the final lenght lf and l0 of a grid portion (figure 3.7), the engineering strain ε 
along a certain direction can be computed; adopting the realistic hypothesis of 
constant volume and considering that on the pole each meridian is a principal 
direction, the principal stretches on the tangent plane (λ1, λ2) and on the thickness 
direction (λ3) are obtained by the relation: 
1/ 2
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The stress measurement is strictly connected to the shape and strain evaluation; in 
fact, for the standard axial-symmetric bulge test, the Boyle-Mariotte theory for 
spherical tanks [16] can be applied and the stress on the pole can be computed as 
follows: 
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PR PR
s s
 

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Where P is the inflating pressure, R is curvature radius and s is the thickness that can 
be computed from the knowledge of its original value s0 and by the third principal 
stretch λ3. The stress σ3 is slightly negative due only to internal pressure and it is 
generally negligible. 
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A measurement system to detect the fundamental parameters in relation (3.2), that is 
the pressure, the strain field and the radius of curvature, has been developed 
[17,18,20]. The main parts of the system are: specimen clamping, shielding, fluid 
alimentation, pressure, shape and strain measurement systems, and a dedicated 
control software developed in LabView and VisualC++ programming environment. 
The specimen clamping system is very simple but important because it is conceived 
to block the external part of the rubber preventing and fluid leakage. It has been 
realized by means of two unified hydraulic plane flanges (nominal pressure 16 bar 
and 200 mm diameter); the upper one has a large hole (50 mm radius with a 5 mm 
fillet) letting the specimen to inflate. The bottom flange is blind with a little hole in 
its centre to connect to the water pump and to hydraulic hose (figure 3.8). Because of 
the destructive nature of the tests that are to be performed, a shielding system has 
been provided, even if the fluid is simply water. 
 
Figure 3.8 : Bulge test clamping system; exploded view and assembly. 
The operating pressure fluid is supplied by means of a motor-pump (max pressure 4 
bar) while an adjustable flowmeter permits to monitor and regulate the flow rate into 
the pipeline; a non-return valve is present in order to prevent any back-flux of the 
fluid that could cause a pressure drop into the specimen. A piezoelectric pressure 
transducer, model Danfoss MB3000, is installed after the valve and very close to the 
specimen in order to avoid any error due to pressure loss; its voltage signal is 
grabbed by a NI PCI-6025E card. 
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Figure 3.9 : Hydraulic circuit for bulge test. 
The remaining of the hydraulic system is made of a hydraulic hose and some L or T 
connectors. The scheme of the hydraulic circuit is given in figure 3.9, while figure 
3.10 shows a picture of the experimental set-up. 
The shape and strain measurements are performed by a couple of high resolution 
CCD cameras mounted on the wrist of a robot (Comau Smart S4 type) that permits to 
move the cameras as the specimen increases its size. The cameras are type Pulnix 
TM 1300 that has a 2/3” CCD sensor with resolution of 1300x1030 pixel; they 
generate a 12 fps video signal that is grabbed and digitized into a 256 gray level 
image by the acquisition card (Matrox Meteor II) installed on a PC. The 35 mm 
lenses and the close positioning of the camera relative to the specimen lead to a very 
high spatial resolution (about 0.05 mm) permitting accurate measurement of the large 
strain experimented by the rubber. The cameras are three-dimensionally calibrated by 
means of Tsai technique in a common reference frame. 
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Figure 3.10 : Experimental setup for bulge test. 
The markers grid application is an easy but important preliminarily operation. It can 
be impressed by hand with a simple color pen; there is only the need for a good 
contrast of the circular dots with respect to the background sample color, and a 
certain regularity in grid pitch (about 3-5 mm) and marker diameter (about 2 mm) in 
order to favor the automatic pattern recognition performed by the software. There is 
no need for an automatic accurate method for the grid stamping because in each 
acquisition frame the markers are acquired and compared with the undeformed ones, 
not with a predefined regular pattern. 
a)                                                                    b) 
 
Figure 3.11 : a) Specimen with handmade marker grid; b) The specimen viewed 
during test.                                  . 
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Pictures 3.11.a and 3.11.b show a circular specimen with a 130 markers grid pattern; 
the grid takes an area a little greater than the acquired one in order to be sure to have 
enough points on the upper part of the balloon. Usually the central 9x9 grid area has 
been considered, corresponding to an undeformed square region of about 50x50 mm. 
The procedure for the quasi-static extension test is as follows: starting from the initial 
unstressed and unstrained configuration, the motor-pump is turned on whereas the 
cameras grab pictures of the central region of the specimen where the grid is present. 
In figure 3.12 two images of the two cameras in a fixed step of the test are shown. 
The system software performs a digital processing of the pictures (blob analysis) and 
computes the position of the markers, firstly in imace pixel coordinates: the image 
processing alogorithm applies a threshold filter in order to obtain a binar image; after 
that the centroids of each marker are automatically evaluated. 
                             Cam 0                                                     Cam 1 
 
Figure 3.12 : Blob analysis. 
Starting from image pixel coordinates, the three dimensional coordinates of each grid 
intersection are computed in real time by means of a stereoscopic algorithm. In fact, 
if a point is framed by two cameras (figure 3.13) and if the cameras have been 3D 
calibrated, it is possible to calculate the coordinates of the pinhole model applied to 
both cameras. Generally, the projection pf a point of coordinates (x, y, z) into the 
camera frame gives a point of coordinates (u, v), and the following relation can be 
written: 
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In equation (3.3) A is the 3x3 matrix of intrinsic parameters of the camera, RT is the 
3x4 matrix of extrinsic parameters, and both are known from camera calibration. At 
the contrary, s is scalar unknown parameter that makes undefined the correspondence 
between points in the camera frame and in the calibration reference system. 
 
Figure 3.13 : Stereoscopic view of a point; reference systems and coordinates. 
Considering the stereoscopic system of figure 3.13, equation (3.3) can be applied to 
both cameras and gives: 
1
1 1 1 1 1
2
2 2 2 2 2
1
1
1
1
x
u
y
s v A R T
z
x
u
y
s v A R T
z
  
   
                 

 
       
    
    
    
 
In this case there are 6 equations with 5 unknowns (s1, s2, x, y, z) and the problem 
can be solved. 
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The next step is to compute the radius of curvature and the height of the top pf the 
dome. This is done by means of a fitting of the acquired points with a spherical shape 
function. By comparison with the coordinates of the same points in the undeformed 
flat configuration and applying the right Cauchy-Green tensor method [19], it is 
possible to compute the strain field on the area of the sample contemporary viewed 
by both cameras; a fourth order shape function has been adopted for this purpose. 
As the pressure increases and the specimen deforms further, the cameras grab other 
pictures of the sample with contemporary acquisition of the pressure signal, the 
software performs in real time the computations just above explained; the stress and 
the strain histories are updated and the robot is moved to compensate the further 
expansion. When a vertical drop on pressure is encountered, meaning that burst 
occured, the pump is stopped and the acquisition ends. 
Tests with different strain-rate can be performed by proper adjustment of the 
regulation valve before the inflation of the specimen using the by-pass circuit. When 
the desired flow rate is achieved, the three-way valve is turned to close the by-pass 
and feed the specimen circuit. Furthermore, if the pump is turned off before the burst, 
also cyclic tests can be carried out by repeatedly loading and unloading of the 
specimen. 
The procedure for the relaxation test is only slightly different: the flow rate in the by-
pass is adjusted generally at much higher values than in quasi-static condition; so, in 
a first phase, the specimen is inflated in few seconds, while the cameras grab pictures 
at the highest possible frame rate and the images, the time and pressure values are al 
stored in internal PC memory or hard drive. In the second phase, as the desired 
pressure or balloon height is reached, the pump is turned off, so the volume (and the 
strain) remains basically constant while the pressure decrease because of the stress 
relaxation of the material; at this moment the acquisition rate can be diminished in 
order to reduce the amount of stored data without any significant loss of information. 
The stored data are then processed with the same algorithms of the quasi static-test, 
obtaining the stress-strain curve at higher strain rate from the inflation phase, and 
obtaining information on the relaxation properties of the rubber from the pressure 
decay measured in the second phase of the test. 
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All the test procedures, sensors and controls are managed by a dedicated software. 
As already said, very similar operations are performed for relaxation tests in a post-
processing phase, after that all the frames of the bulge are stored at the maximum 
frame rate. 
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4.  VISCO-ELASTICITY OF RUBBER LIKE MATERIALS 
4.1 Introduction to the Visco-Elasticity 
Some materials exhibit elastic action upon loading (if loading is rapid enough), then 
a slow and continuous increase of strain at a decreasing rate is observed. When the 
stress is removed a continuously decreasing strain follows an initial elastic recovery. 
Such materials are significantly influenced by the rate of straining or stressing; i.e., 
for example, the longer the time to reach the final value of stress at a constant rate of 
stressing, the larger is the corresponding strain. These materials are called visco-
elastic (dot-dash curve in Figure 4.1). Among the materials showing visco-elastic 
behavior are plastics, wood, natural and synthetic fibers, concrete and metals at 
elevated temperatures. Since time is a very important factor in their behavior, they 
are also called time-dependent materials. As its name implies, visco-elasticity 
combines elasticity and viscosity (viscous flow). 
 
Figure 4.1 : Various strain responses to a constant load. 
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The time-dependent behavior of visco-elastic materials must be expressed by a 
constitutive equation which includes time as a variable in addition to the stress and 
strain variables. Even under the most simple loading program, as shown in Figure 
4.1, the shape of the strain-time curve, in this case a creep curve, may be rather 
complicated. Since time can not be kept constant, reversed or eliminated during an 
experiment, the experimental study of the mechanical behavior of such materials is 
much more difficult than the study of time-independent materials. 
Recent developments in technology, such as gas turbines, jet engines, nuclear power 
plants, and space crafts, have placed severe demands on high temperature 
performance of materials, including plastics. Consequently the time-dependent 
behavior of materials has become of great importance. 
The time-dependent behavior of materials under a quasi-static state may be studied 
by means of three types of experiments: creep (including recovery following creep), 
stress relaxation and constant rate stressing (or straining), although other types of 
experiments are also available. 
4.2 Visco-Elastic Behavior 
Elastomers, classifiable as a category of polymeric materials, are nowadays of large 
utilization, especially the styrene-butadiene (SBR) and the nitrile-butadiene (NBR) 
copolymers. Being their elastic modulus low, these materials don’t find their typical 
use in structural applications; at the contrary, their capacity to reach very high 
deformations and their viscous properties are exploited in the field of shock and 
vibration absorption. 
Hence, besides the industrial area of vehicles tires production, elastomers are used to 
realize seals and gaskets, hydraulic hoses, shock absorbers and anti-vibration 
dampers (e.g. seismic shock absorbers). In all these applications it is fundamental to 
know the dependence of the material behavior on the history, rate and frequency of 
the solicitations. In fact relaxation and creep phenomena may occur in the case of 
constant deformation or load along time (hoses, seals). Also in the case of vibration 
damping, the response of the material is a function of the frequency of the 
solicitation. 
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As already said, the stress/strain curve of a rubber-like material is typically 
nonlinear, and the rupture rises at very high deformation. Hyperelastic model are 
able to describe accurately the nonlinear response of the material, but they refers to 
quasi-static conditions, with no dependency on the strain rate, and neglecting any 
viscous effect. To this purpose, several rheological models are available in literature; 
they are called nonlinear visco-elastic models and combine hyperelasticity with the 
viscous behavior of the material [22]. In this study, however, being the strain 
imposed to the specimen lower than 10%, the relationship between stress and strain 
is considered linear (linear visco-elastic models). 
The most known linear visco-elastic models are based on combinations of standard 
mechanical elements, like springs (purely elastic) and dashpots (purely viscous) 
[21,23-25]. These elements can be combined in series or parallel configurations, 
giving a large number of models (Maxwell, Voigt-Kelvin, Zener, etc.) as shown in 
Figure 4.2. The stiffness or viscosity of single branches allow to modify the response 
of the whole model. 
 
Figure 4.2 : a) Maxwell element; b) Voigt element; c) Zener model. 
In order to fit experimental data on a large spectrum of solicitation frequency, 
usually generalized configurations with a great number of elements are used. In this 
case, even if a bigger accuracy is achieved, a very large number of parameters must 
be defined and the inverse characterization procedure becomes complex. 
A novel family of visco-elastic models, more flexible still using few parameters, is 
nowadays spreading. They are the fractional derivative models (FDM), so called 
because the respective constitutive laws are differential equations of fractional order, 
between 0 and 1 [26]. With this mathematical formulation it is possible to obtain a 
flexible form of the constitutive law, that can be adapted simply modifying the 
derivative order. Even if the integration of the FDM in the time domain is quite 
difficult, their utilization results easy in the frequency domain; in fact the transition 
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form time to frequency domain is straight forward through some characteristic 
properties of Fourier or Laplace transforms. 
The aim of the present research activity is to characterize the visco-elastic behavior 
of a common SBR rubber using a typical model of the standard mechanical family 
and a fractional derivative model. Tests in displacement control with cyclic 
deformation at different frequencies, relaxation tests and creep tests have been 
performed on cylindrical specimens (figure 4.3). 
 
Figure 4.3 : a) cyclic deformation test; b) relaxation test; c) creep test. 
Experimental data are then used in the inverse procedure for material 
characterization in order to extract the parameters of the fitted nodels. The 
mechanical behavior of a visco-elastic solid subjected to a sinusoidal deformation 
can be conveniently studied using complex variables. A generic sinusoidal law of 
deformation imposed to the sample can be expressed as: 
 
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Where ε0 is the maximum amplitude and w  is the angular frequency. Looking to 
figure 4.3.a, it is possible to note that the response of the material in terms of stress is 
out of phase of an angle  : 
   
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It results that also the elastic modulus, expressible as the ratio between complex 
stress and complex strain, is complex: 
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The real and imaginary components of (4.3) are functions of the frequency w , and 
are respectively defined as storage modulus and loss modulus. Further on, the ratio 
between loss and storage moduli gives the tangent of the phase angle: 
''
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(4.4) 
Hence, once cyclic deformation tests have been performed at different frequencies, 
the real and imaginary part of the complex elastic modulus can be found at different 
values of w . Applying the Fourier transform to the stress and strain series, equation 
(4.3) can be applied also in the case of creep or relaxation tests. 
4.3 Linear Visco-Elasctic Models 
Several kind of models are available in literature, or can be conceived, using standard 
mechanical elements or fractional derivative equations. Among a number of studied 
models, those giving the best accuracy are proposed and described in next sections. 
4.3.1 Generalized Maxwell Model 
Consider a Maxwell element with a spring in series to a dashpot as shown in figure 
4.2.a. Given the stiffness E  and the viscosity  , the differential equation referred to 
the stress/strain law is: 
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(4.5) 
On the frequency domain, the previous equation gives following expression of the 
complex elastic modulus: 
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(4.6) 
Equation (4.6) has a typical representation (figure 4.4) with a “bell” shape of hte loss 
modulus and a “s” shape of the storage modulus. The two curves intersect at the 
inflection point, at a value of frequency equal to /E  . 
 
30 
 
Figure 4.4 : Storage and loss moduli for the Maxwell element. 
In order to have good representation of the visco-elastic mechanical behavior for a 
large range of frequencies, a generalized model has been considered. It is constituted 
by a parallel configuration of a spring, n Maxwell elements and a dashpot (figure 
4.5). 
 
Figure 4.5 : Generalized Maxwell model. 
The first branch on the left is purely elastic with a storage elastic modulus 0E , while 
the last element on the right is purely viscous with a loss modulus equal to 0iw . 
Considering that the global stiffness of n  elements in parallel is equal to the 
summation of the respective single stiffness’s, and recalling that the complex 
stiffness of a Maxwell element is expressible as (4.6), the total complex stiffness of 
the generalized model of figure 4.5 is expressed as: 
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(4.7) 
4.3.2 Modified FDM model 
A fractional derivative model is a sort of interpolation between elasticity and 
viscosity. In fact, it is known that for an elastic element the stress is linked to the zero 
order derivative of strain, while in a viscous element the stress depends on the first 
order derivative of strain. An intermadiate behavior, typical for visco-elasticity, is 
obtained using a fractional order derivative. 
FDM models result of difficult application in the time domain, while a much easier 
formulation is possible in the complex domain. For this reason, the mechanical 
response of the following models is made in the frequency domain; nevertheless, the 
transition to the time domain and the opposite are possible using the Fourier or 
Laplace transform and relative anti-transform. Extending a typical constitutive 
differential equation with integer derivatives to fractional orders, the following 
expression is obtained [23]: 
   
0 0
n m
n m
N Mp q
n mp q
n m
d t d t
a b
dt dt
 
 
 
      
0 , 1n mp q   
(4.8) 
The Riemann-Liouville definition of the   order fractional derivative of a function 
( )f t  , with R   and 0 1  , is: 
     
0
1 ( )
(1 ) ( )
t
d f t d f
f t dt
dt dt t


 

 
 
  

       
0 1   
(4.9) 
Where the function (1 )   is equal to: 
0
(1 ) xx e dx

   
 
(4.10) 
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The Gamma function ( )  is an extension of the factorial function to real and 
complex numbers. For real number x ,   function is defined as: 
1
0
( ) x tx t e dt

    , 
if n  is an integer number, then ( ) ( 1)!n n    showing the connection to the 
fractional function. 
A fundamental property of the fractional derivative operator is about the Fourier 
transform (the same property is hold for the Laplace transform). In fact, it is: 
   ( ) ( ) ( )f t iw f t     
 (4.11) 
In the practice, equation (4.8) is defined using a limited number of derivative orders; 
moreover, some authors [27-29] introduce the further constraint n mp q . In such a 
way a typical formulation called Zener fractional model is obtained. It is based on 
(4.8) with 1M N  , 0 0 0p q  , 1 1p q   : 
         
0( )t t E t E t
            (4.12) 
Applying the Fourier transform to the (4.12) and exploiting the property (4.11) the 
following passages are possible: 
       
0( ) ( ) ( ) ( ) ( ) ( )t iw t E t E iw t
              (4.13) 
And; 
01 ( ) ( )iw E E iw
                 (4.14) 
And; 
0 ( )
1 ( )
E E iw
E
iw
 
 


 
  
(4.15) 
Storage and loss moduli curves referred to this model are shown in figure 4.6 as 
functions of the characteristic parameters , , , . 
 
0E E  
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Figure 4.6 : Storage and loss moduli of the Zener fractional model as function of 
the derivative order α.                   . 
Following the same principle of standard mechanical elements, also the FDM models 
can be combined in series/parallel configurations with other FDM models or with 
standard elements. 
The model here proposed, referred as modified FDM model, is a combination of a 
Zener fractional model in parallel with a standard dashpot (figure 4.7). This model 
resulted the most accurate among a number of possible configuration studied in order 
to fit the experimental data of all the typologies of test performed (dynamic, creep, 
relaxation). 
 
Figure 4.7 : Modified FDM model. 
Hence, it is easy to obtain the global stiffness of proposed model. 
0
0
( )
1 ( )
E E iw
E iw
iw
 
 



  
  
(4.16) 
That differs from the (4.15) only for the imaginary additional part referred to the 
purely viscous element with constant 0 . 
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4.4 Experimental Tests and Fittings of The Models 
The experimental tests and the numerical inverse procedure, implemented in order to 
fit the linear visco-elastic models previously examined, will be described in this 
section. 
Specimens of SBR rubber have been obtained from a cylindrical bar with 20 mm 
diameter, cut to have a 40 mm free height of the samples. Using the rig described in 
section 3.2, static and dynamic compression tests have been performed providing 
lubrication at the specimen-plates interfaces, in order to reduce as much as possible 
the friction. With the assumption that the barreling effect could be neglected, the 
stress/strain distribution can be considered uniform and uniaxial. Tests have been 
conducted at room temperature (20
o
C); hence, the effects of temperature on the 
material behavior have not been considered. In all cases, for dynamic solicitation, 
creep and relaxation, the imposed deformation was lower than 8%, that is a proper 
condition to consider linear the stress/strain law. 
A sinusoidal law of displacement at five different values of frequencies (from 10
-3
 to 
20 Hz) was adopted to perform dynamic tests. The minimum and maximum of the 
deformation have been set in such a way to keep the specimen in compression all the 
time, avoiding the loss of contact with the plates of the machine. Acquired 
displacement and load signals showed a phase delay that depends on the solicitation 
frequency. Using equation (4.3) experimental values of storage and loss moduli at 
each frequency can be calculated (Figure 4.8). 
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Figure 4.8 : Storage and loss moduli; experimental data and comparison with the 
fitted models.                                 . 
Also relaxation and creep responses have been studied. In the first case the test 
consists in the application of a ramp ( as much similar to a step impulse as possible) 
of deformation, then kept constant. The tension shows an initial peak, and then an 
exponential decay towards an asymptotic value (Figure 4.9). 
In the creep test a load is quickly applied and then kept constant, storing the 
deformation along time. Strain curve exhibits a great slope at first, during the load 
ramp, then a primary creep is evident with a decreasing strain rate, and at the end 
there is a secondary creep phase with constant (or zero) strain rate. 
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a) 
 
b) 
 
Figure 4.9 : Relaxation test with 0 8%  ; fitting of experimental and numerical 
da                                       data; a) generalized Maxwell model b) modified FDM model. 
Further on, looking to figure 4.10, it is possible to note that the deformation has not 
stabilized even after 800 s, but continues to decrease. However, this behavior is not 
contemplated in the studied models; they reach an asymptotic value of deformation, 
with zero strain rate, much earlier. 
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a) 
 
b) 
 
Figure 4.10 : Creep test with F0=250N; fitting of experimental and numerical data; 
a)                              a) generalized Maxwell model b) modified FDM model. 
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The inverse procedure, used to extract the material parameters of the two fitted 
models, has been conceived as a minimization problem of a global cost function 
based between numerical and experimental data. Data of all the three typologies of 
mechanical tests are simultaneously involved in the error function. While for 
dynamic tests the errors are directly referred to storage and loss moduli at each 
frequency, in the relaxation and creep tests errors are based on tension and 
deformation respectively. The application of the models on creep and relaxation was 
made in the frequency domain, after the Fourier transform of the applied solicitation 
(ramp of load or displacement). After the complex response is calculated, the anti-
transform gives back the data in the time domain, where are comparable with the 
experimental ones. Being the terms of the global error function different physical 
entities, a normalization is required. The final result is the following equation. 
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(4.17) 
Where RN , CN , wN   are respectively the samples of relaxation, creep and dynamic 
tests. 
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The best fit parameters of the models are the output of the minimization procedure of 
the function ef . There are reported in tables 4.1 and 4.2 following the notation of 
equations (4.7) and (4.16); the curves relative to the fitted models are shown on 
figures 8, 9a, 9b, 10a and 10b. 
  
Table 4.1: Fitted parameters of the generalized Maxwell model. 
Spring Maxwell elements Dashpot 
E0 
[Mpa] 
12.0 
Ei [Mpa] 
3.062  2.178  2.892     2.667     0.045     0.667     0.369     0.618 
 
- 
 
- 
ηi [MPa
.
s] 
0.189  0.637  8.610  136.382   108.489   1774.2  1028.8  4571.8 
η0 
[MPa
.
s] 
0.161 
 
- 
λi=ηi/Ei [s] 
0.62 .293  2.979  49.269     2400.3    2660.6   2814.8  7694.6 
 
- 
 
Table 4.2: Fitted parameters of the modified FDM model. 
 s   E MPa   0E MPa     0 MPa s   
0.914 12.267 26.843 0.343 0.154 
 
 
40 
  
 
41 
5.  CONCLUSION AND RECOMMENDATIONS 
As a concluding discussion, main novel contributions given to the research 
community are summarized in this section. 
Interesting results can be seen both in the experimental and numerical part of the 
work. Starting from the classical methodologies for rubber testing, it has been 
highlighted the importance of uniaxial and multiaxial tests. The proposed test can be 
seen as valid and cheap solutions for the experimental activity. This method are 
simply and effective at the same time, and allows to investigate deformational states 
on uniaxial. 
Comparing the response of the two studied models, it is possible to conclude that 
they show a experimental data. Only for the creep solicitation some divergences are 
noticeable; in fact the generalized Maxwell model is typically used to describe 
relaxation phenomena. On the contrary, for the standard mechanical elements family, 
a generalized Voigt model would be more accurate for creep. 
Dealing with the modified FDM model, even if it gives an accuracy comparable with 
the classical models, it is formulated using a significantly lower number of 
parameters, hence resulting preferable. In fact, in order to obtain a good description 
of experimental data using the generalized Maxwell model, many elements have 
been inserted, introducing 18 parameters that are to be estimated. This complex 
formulation is a big drawback that makes the model not usable for practical 
applications. On the other hand, the modified FDM model required only 5 
parameters, that is a great benefit. 
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An aspect worthy to note is about the general approach given to the inverse problem. 
Usually, in fact, each rheological model is used for a specific kind of solicitation, 
failing in other cases. The proposed formulations and procedures, on the contrary, are 
stated in order to reproduce a general time dependent phenomenon, giving great 
importance to the transferability property. Hence, even if some deviations from 
experimental data are visible in the plots, the desired result is that the fitted models 
give a sufficiently good representation in each one of the performed test typologies. 
In visco-elasticity it was proposed a modified Fractional Derivative model, where a 
FDM is putted in parallel with a standard dashpot, giving a good representation of 
dynamic, creep and relaxation data using less parameters than standard mechanical 
models. 
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APPENDICES 
APPENDIX A.1 : Matlab creep calculation. 
APPENDIX A.1 : Matlab relaxation calculation. 
APPENDIX A.1 : Matlab Maxwell model calculation. 
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APPENDIX A.1 : Matlab creep calculation 
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APPENDIX A.2 : Matlab relaxation calculation 
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APPENDIX A.3 : Matlab Maxwell model calculation 
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